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Suppose P € R?*? and Q € R3*3 are given as follows:
iy
P=(o 4)
9 0 0 2.180
Q=1(0 4 0
0 0 1
We choose Py and Qo as the square roots of P and Q; namely,
_[E e
B~ (5 2)
3 0 0 2.181
Q=|0 20
0 0 1
A= PrAO;H
E5
PR 8 T g g 8
N0 2 -1 1 -1
Tl a8
=BRS¢ Rasigdf™
0.0490 —0.0980
A* = | —00735 0.1469
~ 0.1469 —0.2939

0.9184 01224 —0.2449
E—-A*A*=| 01224 08163 03673

—0.2449 0.3673 0.2653

We have

2.182

The weighted-norm solutions are compared with the solutions we ob-

tained in Example 2.25. When z = O, we obtain the following solution
using Eq. 2.178:

z=Q;'A* Py,

i
300 ( 0.0490  —0.0980
w4 o ¥y g —0.0735 o0.1460 | [} O (é\
00 1 )

0.0163 i
= | —0.0367 | = @5

2.183
\ 0.1469 /

0.1469 —0.2039) \0 2/
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When z = (1 1 1), we get the following solution from Eq. 2.176:

r=xs+ Q7 (E - A% A"z

0.0163 879 0%
= | —0.0887 | +sh0 2 ©
0.1469 00 1

0.9184 0.1224 —0.2449 1
0.1224 0.8163 0.3673 1
—0.2449 0.3673 0.2653 1

0.2816 ”
=1 0.6163 | = ¢ 2.184

0.5347

Note that, since Eq. 2.175 with A and ¥y defined by Eq. 2.179 has no
exact solution, as we demonstrated in Example 2.18, &5 and &g are also
approximations.

Let’s compare @5 and &g with &3 and &4 in Eqgs. 2.166 and 2.167,
respectively. The P-weighted norms of the error vectors are as follows:

| y2— Azs||lp = || y2 — Az ||p = 1.1180

> 08944 = ||y — Axs ||lp = || Yo — Axs ||p 50
On the other hand, the Euclidean norms of the error vectors are
|y — Azs || = || y2 — Az || = 0.8246
> s =llga-Aml=llv.-Aml
Note that the Q-weighted norms of the solutions are
| &5 llg = 0.1714 < 1.5872 = || & || 2.187

Equations 2.185 and 2.186 show that &3 and @4 are better approximations
than @5 and ®g are, in the sense of the Euclidean norms, and that, on
the contrary, &s and @®¢ are better than &3 and @&, are, in the sense of
P-weighed norms.

2.4.5 Mappings and Projections

Pseudoinverses possess significant geometric characteristics as projections.
The linear mapping by a linear equation

y=Azx 2.188
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R(A): range space of 4
N(A): null space of A
dim R(A) = rank A
dim N(4) =n—rank 4

Figure 2.4 Linear mapping by Eq. 2.188.

where A € R™*" y € R™, and & € R", is shown in Fig. 2.4. Let R(A) C
R™ and N(A) C R" be the range space!>* of A, and the null spacef®® of
A, respectively. We represent the orthogonal complements!?€ of R(A) and
N(A) by R(A)" C R™ and N(A)™ C R", respectively. Four subspaces of
R(A), R(A)", N(A), and N(A)" have the following relationships with the

pseudoinverse of

R(A) = N(A*)" = R(AA#) = N(E — AA#) 2.189
R(A)" = N(A#) = N(AA#) = R(E — AA#) 2.190
. NA) =R(A*) = N(A*A) = R(E - A* A) 2.191
N(A) =R(A*)=R(A* A) = N(E - A* A) 2.192

These four relationships are illustrated conceptually in Fig. 2.5. We can inter-
pret R(A)* and N(A)* as follows: If ¥ has a nonzero component in R(A)*,
it does not have an exact solution for Eq. 2.188. If & has a nonzero component
in N(A)*, its mapping by Eq. 2.88 is nonzero.

A square matrix M € R"*" is called an orthogonal projection if its
mapping M@ of @ € R" is perpendicular to @ — M@ for any x. It is

124 e set of all Ys obtained by computing Eq. 2.188 for every & € R™ makes a
linear subspace in ™. This linear subspace is termed the range space.

t2.5The set of all Ts that provide Y = Oin Eq. 2.188 makes a linear space in R™.
This linear subspace is termed the null space of A.

12516 orthogonal complement of a linear subspace implies a set of all the vectors

perpendicular to all the vectors in the subspace. The orthogonal complement is also a linear
subspace of the whole space.
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noteworthy that A A# A# A E—- AA# and E— A# A are all orthogonal
projections.

Example 2.27
Equation 2.188 with

k=1 1
A_(_l ; _1) 2,103

y & R%

xER At

R(A™) = MA)L
R(A%YL = N(A4) MA?) =R(4)-

N(ADHL=R(A4)
(a)

xiE Rt }'ER’"

X '&'R? yeRm

(b) (©

Figure 2.5 Relationships among the pseudoinverse, the range space, the null

space, and their orthogonal complements. (a) Mapping by A#. (b) Projection
by A* A. (c) Projection by AA#%
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y ER™

xS R

X € RY

y € R

(d) (e)

Figure 2.5 (continued) (d) Projection by F — A# A. (e) Projection by
E - AA%*.

is again used as an example. The orthogonal projections are computed as
follows:

1 1 -1
S
AA _2( )

1 8E1 1
b TSl
E-AA _2(1 1\

]
jfidperse 1 2.194
A#A:E =y
| e A A
i G
E—A#A:§ i+2 3



2.4 Generalized Inverse and Pseudoinverse 61

Now, we define the following vectors:

1

Ty = (1)
1 2.195
1

w=(s)

We can decompose %Yy into two orthogonal vectors, which are the mem-
bers of R(A) and R(A)* and are denoted by yr and Yr., respectively.
Similarly, & can be decomposed into two orthogonal vectors, which are
the members of N(A) and N(A)* and are denoted by &y and @y,
respectively. They are computed using Eq. 2.194 as follows:

yr = AA*y,
|~ el
E5E 1 1 0
W I
= ik

2.196
Ypr = (E - AA#)'!IO
R R
Sl Llhie
e
TaAnt
zy = (E - A¥* A)x,
E R W 1
i Lol Voot tuq o T ool i 5
Sl 11 @ SRS B
2.197

We check the results of Eqgs. 2.196 and 2.197 by the following equa-

tions:
(2)3()-()-»

2(1) 1
yt+eyr=-12]|+=
3 1 3

DN =

YR+ YrL =
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1 1/1
yRTyR*Zg(l _1)'§<1):0
. 3 1 2.198
:BNTCDNLZ—(I 1y =LT=0
3 3 1
Note that
IRt 0.5
rank [A yg] = rank (__1 N = —0.5) 2.199

=rank A

Therefore, Eq. 2.188 with y = ygr has exact solutions. An exact solution
is the pseudoinverse solution; namely,

z = A¥ygr

o 11 —11 1<1>_1 11 2.200
ERE- T el S

This solution is equal to the pseudoinverse approximation of Eq. 2.188,

with ¥y = yo. Indeed,
L 2.201
-1
1
y=Azy

_(1 L 1)2(; 8 2.202
LT SR 0

z = A¥*y,
LT
6 B gl 5l Q0 6

Also, iote that

2.4.6 Computation of Pseudoinverse

In this subsection, three computational methods of pseudoinverse are summa-
rized.

Computation by Singular Value Decomposition. The computational algo-
rithms for SVD (see, for example, Golub and Van Loan 1983) are reliable
schemes. By Eq. 2.78, the pseudoinverse of a matrix can be computed using
SVD, as in Example 2.12.
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