
Versor Lemma 

 

Given two frames ൏ ܽ ൐ and ൏ ܾ ൐, with the latter rotated with respect to the 

former of an angle ߠ around the versor ࢜, the following relations hold: 
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Algorithm 

 

It is possible to compute ࢜ and ߠ א ሺെߨ,  .ሻ in the following wayߨ

1) Compute first the left-hand side of (2) and solve (2) for ߜ ؜ cos ሺߠሻ. 

2) If ߜ ൌ 1 then we can assume: 

ሺ࢜, ሻߠ ൌ ሺ0,׊ሻ (3) 

3) If |ߜ| ൏ 1 compute the left-hand side of (1) and solve the (1) for 

࣌ ؜ 2 ࢜ sinሺߠሻ and our solution is: 

ሺ࢜, ሻߠ ൌ േ ቂ
࣌

|࣌|
;  tanିଵ ቀ

|࣌|

ଶ
,  ቁቃ (4)ߜ

4) If ߜ ൌ െ1 we have  

ሺ࢜, ሻߠ ൌ േሺ࢜଴;േߨሻ (5) 

where: 

࢜଴ ؜
ሺೌ࢏ା್࢏ሻାሺ࢐ೌା࢐್ሻାሺ࢑ೌା࢑್ሻ

|ሺೌ࢏ା್࢏ሻାሺ࢐ೌା࢐್ሻାሺ࢑ೌା࢑್ሻ|
 (6) 
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Proof of (6). 

The algorithm is easy to understand, except for the (6) that needs few more 

considerations. 

In case ߜ ൌ െ1, obviously the rotation angle can be only ߠ ൌ േߨ, and the 

vector ࣌ ؜ 2 ࢜ sinሺߠሻ is zero. Thus it is impossible to use the (4). 

However, we can note that, when ߠ ൌ േߨ, every pair of corresponding frame 

axis of the two frames, is necessarily placed overa diameter of a circle 

bisected by the axis v : 

 
The (5) follows immediately for geometric construction. 

In the (6) we chosen to add and normalize all the vectors. This is more 

efficient of using the sum of only a pair of axis, which can be zero in case the 

axis of rotation v coincides with one of the axis of the frame. 
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Proof of (1) 

 
Consider the revolution of the versor ࢏௕ for moving from its initial position 

(coincident with ࢏௔) to the final. We have: 

௔ࢇ ר ௕ࢇ ൌ ࢜  sinଶ ߙ  sin  ߠ

Similarly: 

௔࢈ ר ௕࢈ ൌ ࢜  sinଶ ߚ  sin  ߠ

௔ࢉ ר ௕ࢉ ൌ ࢜  sinଶ ߛ  sin  ߠ

Adding the 3 equations: 

௔ࢇ ר ௕ࢇ ൅ ௔࢈ ר ௕࢈ ൅ ௔ࢉ ר ௕ࢉ ൌ 
ൌ ࢜ sin ߠ ሺsinଶ ߙ ൅ sinଶ ߚ ൅ sinଶ ሻߛ ൌ 
ൌ  ࢜ sin ߠ ሺ3 െ cosଶ ߙ ൅ cosଶ ߚ ൅ cosଶ ሻߛ ൌ 
ൌ  ૛࢜ sin  ߠ

since cosଶ ߙ ൅ cosଶ ߚ ൅ cosଶ ߛ ൌ 1, because it is the modulus of ࢜. In fact, 

the quantity |࢜| cos ߙ ൌ cos  .௔, and so on࢏ is the projection of ࢜ onto ߙ
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Note that: 

௔ࢇ ר ௕ࢇ ൌ 
ൌ ሾ࢏௔ െ ሺ࢏௔ · ࢜ሻ࢜ሿ ר ሾ࢏௕ െ ሺ࢏௕ · ࢜ሻ࢜ሿ ൌ 
ൌ ௔࢏ ר ௕࢏ െ ௕࢏ ר ሺ࢏௔ · ࢜ሻ࢜ െ ௔࢏ ר ሺ࢏௕ · ࢜ሻ࢜ ൌ 
ൌ ௔࢏ ר ௕࢏ െ ሺ࢏௔ െ ௕ሻ࢏ ר ሺ࢏௔ · ࢜ሻ࢜ 

where the last follows from ሺ࢏௔ · ࢜ሻ ൌ ሺ࢏௕ · ࢜ሻ, since ࢜ has the same 

components on either ൏ ܽ ൐ and ൏ ܾ ൐. 

Similarly: 

௔࢈ ר ௕࢈ ൌ ࢐௔ ר ࢐௕ െ ሺ࢐௔ െ ࢐௕ሻ ר ሺ࢐௔ · ࢜ሻ࢜ 

௔ࢉ ר ௕ࢉ ൌ ࢑௔ ר ࢑௕ െ ሺ࢑௔ െ ࢑௕ሻ ר ሺ࢑௔ · ࢜ሻ࢜ 

Adding: 

௔ࢇ ר ௕ࢇ ൅ ௔࢈ ר ௕࢈ ൅ ௔ࢉ ר ௕ࢉ ൌ 
ൌ ௔࢏ ר ௕࢏ ൅ ࢐௔ ר ࢐௕ ൅ ࢑௔ ר ࢑௕ ൅ 
െሾሺ࢏௔ · ࢜ሻሺ࢏௔ െ ௕ሻ࢏ ൅ ሺ࢐௔ · ࢜ሻሺ࢐௔ െ ࢐௕ሻ ൅ ሺ࢑௔ · ࢜ሻሺ࢑௔ െ ࢑௕ሻሿ ר ࢜ 

Note that the term in the bracket is ࢜ െ ࢜ ൌ 0: so the first part of the lemma 

(1) follows. 

The proof of the second equation (2) of the lemma is similar. 

(left as exercise). 

 


